In this paper, we give a symplectic proof for Seiberg-Witten blow-up formula of four dimensional symplectic manifolds, especially we interpret a strange phenomenon that the genera of embedding J-holomorphic curves will decrease when we symplectically blow-up the four dimensional symplectic manifold.
Introduction
For 4-manifolds, there is a well-known Seiberg-Witten Blow-Up Formula: [FS,LL] Suppose X is an arbitrary smooth four dimensional manifold. If d − 1 2 r(r + 1) ≥ 0, then SW X (L) = SW X#CP 2 (L ± (2r + 1)E) (1.1)
is the complex dimension of the Seiberg-Witten monople moduli space associated the Spin C structure L and SW X (L) is the Seiberg-Witten invariant corresponding to L [W] .
When X is a symplectic 4-manifold, one can use Taubes' famous theorem to relate SeibergWitten invariant to embedded Gromov-Witten invariants. Taubes Theorem [T] If X is a closed four dimensional symplectic manifold, then the Poincaré dual of C 1 (L) can be represented by an embedded J-holomorphic curve Σ. Denote the homlogical class represented by Σ by A. By the adjunction formula, the genus g of Σ is determined by 
pt) is the Gromov-Witten invariant(see section 2) and the number of "pt" in the bracket is equal to d. We call latter embedded Gromov-Witten invariants.
One can use Taubes' theorem to translate Seiberg-Witten blow-up formula into a blow-up formula for embedded Gromov-Witten invariants. Then, there is a surprising phenomenon of decreasing genera. Namely, embedded Gromov-Witten invariant of certain genus (given by adjunction formula) is equal to certain embedded Gromov-Witten invariant of blow-up manifold with SMALLER genus. Several years ago Y. Ruan observed this phenomenon and posted a problem to give a purely symplectic explanation of this genus-lost phenomenon [R] .This is the main purpose of this paper.
Let X be a clossed four dimensional symplectic manifold and A ∈ H 2 (X, Z), we consider the embedded Gromov-Witten invariant ψ X A,g (pt, · · · , pt) , i.e., the Riemann surfaces have genera g determined by 2g
then we have Theorem 1.1 Let X be a closed four dimensional symplectic manifold andX be its symplectical blow-up. For any non-negative integer r, if
Equation (1.7) explains the genus-lost phenomenon. Combining with Taubes' theorem, we give a symplectic proof of Seiberg-Witten blow-up formula.
The main technique is the theory of the relative Gromov-Witten invariant and its gluing formula developed by the first author and Yongbin Ruan [LR] , and E. Ionel and T. Parker [IP] . Acknowledgements The authors feel indebted to Professor Yongbin Ruan for introducing the problem to them and for very valuable conversations .
Relative GW-invariant
Let (X, ω) be a real 2n-dimension compact symplectic manifold with symplectic form ω, and Z be a symplectic submanifolds of X with real codimension 2. Let Σ g be a compact connected Riemann surface of genus
Note that the intersection number #(A · Z) is topological invariant, and v j=1 k j = #(A · Z). Moreover, since Z is a symplectic submanifold, if A can be expressed by the image of an nontrivial pseudo holomorphic map f : Σ g → X, the intersection number #(Z · A) ≥ 0. Similarly to the Gromov-Uhlenbeck compactification for the pseudo-holomorphic maps, we compactify M by M = M X,Z A,l+v (g, K), the space of relative stable maps (for details see [LR] ). We have two natural maps:
Roughly, the relative GW-invariants are defined as R) . For precise definition, see [LR] .
If Σ g is not connected, suppose there exists c connected components Σ g 1 , . . . , Σ gc , then the genus g is defined to be it's algebraic genus, i.e.,g = c i=1 g i − c + 1. Let P x be the set of all ordered partitions of {x 1 , . . . , x l } into c parts. Each π = (π 1 , · · · , π c ) ∈ P x records which marked points x = (x 1 , · · · , x l ) go on each components Σ g 1 , · · · , Σ gc . Similarly, we can define σ = (σ 1 , · · · , σ c ) ∈ P y . Corresponding to the partition of y, we define the partition of K, i.e, σ = (σ 1 , · · · , σ c ) ∈ P K . Note that π, σ induces a partition of α, β, respectively. Denote the parameters over the component
Consider the linearization of∂-operator
If we choose a proper weighted Sobolev norm over C(Σ, f * T X) and Ω 0,1 (f * T X), we have the following (see [LR] )
is a Fredholm operator with index
and the relative GW-invariant ψ X,Z g,l (α|β; K) is defined to be zero unless
Remark If we choose Z is empty, then we get the ordinary Gromov-Witten invarint.
Suppose that H : X → R is a proper periodic Hamiltonian function such that the Hamiltonian vector field X H generates a circle action. By adding a constant, we can assume that zero is regular value. Then H −1 (0) is a smooth submanifold preserved by circle action. The quotient Z = H −1 (0)/S 1 is the famous symplectic reduction. Namely, Z has a natural induced symplectic structure from X, so we can regard Z as a symplectic submanifold of X with real codimension 2. We cut X along H −1 (0). Suppose that we obtain two disjoint components X ± which have boundary H −1 (0). We can collapse the S 1 -action on H −1 (0) to obtain two closed symplectic manifolds X ± .
This procedure is called as symplectic cutting, see [L] , [LR] . There is a natural map
It induces a homomorphism
It was shown by Lerman [L] that the restriction of the symplectic structure ω on X ± such that ω + | Z = ω − | Z is the induced symplectic form from symplectic reduction. By the Mayer-Vietoris sequence, a pair of cohomology classes (α
Consider the moduli space
with properties:
• Σ g + has c + connected components;
+ is a pseudo holomorphic map;
• f + is tangent to Z at y + = (y
Similarly, we can define
. According to [LR] , we can glue f + and f − to obtain a pseudo holomorphic map f : Σ g → X. A little more precisely, we glue X + and X − as above. If f + and f − have same periodic orbits at each end, i.e, they have same orders as they tangent to symplectic submanifold Z, we can glue the maps f + and f − as f + #f − after gluing the domain of Riemann surface Σ g + and Σ g − , which is the connected sum of Σ g + and Σ g − . Then after pertubating map f + #f − , we can get a unique pseudo holomorphic map f : Σ g → X.
The following index addition foumula is useful to our paper,
Lemma 2.2[LR]
We also need a well known fact about genus of connected sum of Riemann surfaces:
Lemma 2.3 The following equality is satisfied:
where g is the genus of Σ g , g ± is the algebraic genus of Σ g ± , v is the number of end, i.e., the number of the points where we glue Σ g + , Σ g − .
According to theorem 5.8 of [LR] , the GW-invariant ψ X A,g,l (α|β) can be expressed by the relative GW-invariant over each connected component. Precisely ,using the notations of [LR] , suppose that C J,A g,l is the set of indices:
(1) The combinatorial type of (Σ ± , f ± ) :
denote the puncture points of Σ g ± , satisfying: (i) The map ρ is one-to-one; (ii) If we identify y 
9)
where
are the Kronecker symbol; and let {β 1 , · · · , β s } be an orthonormal basis of H * (Z, R),
For convenience in application, we will rewrite Lemma 3.4 in following steps:
Step 1. We divide A into A + and A − such A = A + ∪ Z A − .
Step 2. Suppose Σ g ± have a i ≥ 0 end points with order i ∈ {1, · · · , #(A · Z)} such that
Step 3. Suppose that τ ± = (π ± , σ ± ) ∈ P x ± × P y ± record which marked points in {x ± , y ± } go on
± are relative stable holomorphic maps, and [f
Note that τ ± induce a partition of α ± , β ± .
Step 4. For given a and τ , we glue Σ g + and Σ g − in above manner such that Σ g + #Σ g − is a Riemann surface with algebraic genus g. However, for given such a and τ , we can glue Σ g + and Σ g − in many different ways such that Σ g + #Σ g − is a Riemann surface with algebraic genus g. Denote by κ(a, τ ) the number of different ways.
Then we have the following gluing formula for the relative GW-invariants:
where a = 1 a 1 · 2 a 2 · · · ·, and the first denotes that we sum all possibility for
The proof of the theorem 1.1
In this section, we always assume all parameters are non-negative integer, if negative value happens, we define it is zero.
Let X be a closed four dimensional symplectic manifold and C ⊂ X be any curve in X. Recall that η : C → C ⊂ X is a desingularization of C if and only if C is a compact smooth Riemann surface and η is a holomorphic map which is one to one over smooth points of C. Define the virtual genus of C by
and the real genus of C by g(C) = g(C) ( 3.2) i.e.,the real genus of C is the geometric genus of its desingularization curve. Then there is an important relationship between π(C) and g(C) ,which reads :
with equality holding if and only if C is smooth in X.
Proof: The lemma is essentially same as lemma in book [GH] p 505 since all discussions are local, we omit it.
If d− 1 2 r(r+1) ≥ 0, suppose P 1 , · · ·, P d are the given points in general position in X, which correspond to point cohomological classes in the definition of Gromov-Witten invariant ψ X A,g (pt, · · · , pt). We perform symplectic cutting along the boundary of a neighberhood N of a point Q ∈ X such that the neighberhood N contains 1 2 r(r + 1) points of P 1 , · · · , P d . Then we have
(2). The kernal of π * :
is trivial, thus if we suppose A + = mH,
Let f ± : Σ g ± → X ± be J-holomorphic maps. Without the lose of generality, suppose that
i.e. , Σ g + has c + smooth connected components, and that J-holomorphic map f
Note that the virtual genus of the image curve of the J-holomophic map f
By the same reason, we have
Put (3.4) and (3.5) into (2.7), then 
According to Lemma 3.1, this claim shows that only smooth Riemann surfaces can contribute to the Gromov-Witten invariants. In Taubes' paper [T] , he denotes these smooth Riemann surfaces by symplectic submanifolds.
Claim 2 m = r.
Note that v = m in Claim 1 implies that the J-holomorphic map f ± : Σ g ± → X ± are tangent to H, E at m distinguished points with all multiple 1 respectively. We only consider f + : Σ g + → X + , which passes through However because r and m are non-negative integer, one can directly prove the above inequality holds if and only if m = r. 
+ is a J-holomorphic map with properties:
• f + i is tangent to H at fixed points Q 1 , · · · , Q s and at non-fixed points Q s+1 , · · · , Q t , then
By dimension condition equation (2.5), we have Remark 3.2 If d = 0, applying the same technique as in the proof Claim 3 (2), we can find r = 0, thus m = 0, which implies that all non-trivial J-holomorhic curve will always stay only one side X + =X after we perform smyplectic cutting (see [LR] Remark 5.5), theorem 1.1 obviously holds, see also [H] Theorem 1.3.
In summary, applying Lemma (2.4 ′ ) and Claim 1,2,and 3, we finish our task in this section. Especially, by Claim 1, Claim 2, and the equality (2.7), we get the equality (1.7) g = g − 1 2 r(r − 1) (3.12) Remark 3.3 The technique in the proof of Claim 3 (2) can be also applied to calculate the Gromov-Witten invariants in Riemann surfaces [LZZ1] and in any four dimensional symplectic manifold [LZZ2] , especially, the recursional formula in CP 2 proved by Caporaso and Harris [ CH] (see also [IP] ).
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